REALIZATIONS OF QUANTUM HOM-SPACES, INVARIANT THEORY 
AND QUANTUM DETERMINANTAL IDEALS 



PHUNG HO HAI 

Abstract. For a Hccke operator R, one defines the matrix bialgebra Er, which is con- 
sidered as the function algebra on the quantum space of endomorphisms of the quantum 
space associated to R. One generalizes this notion, defining the function algebra Mrs on 
the quantum space of homomorphisms of two quantum spaces associated to two Hecke 
operators R and 5* respectively. Mrs can be considered as a quantum analogue (or 
a deformation) of the function algebra on the variety of matrices of a certain degree. 
We provide two realiztions of Mjjs as a quotient algebra and as a subalgebra of a ten- 
sor algebra, whence derive interesting informations about Mrs, for instance the Koszul 
property, a formula for computing the Poincare series. On Mrs coact the bialgebras 
and Eg. We study the two-sided ideals in M^s, invariant with respect to these actions, 
in particular, the determinantal ideals. We prove analogies of the fundamental theorems 
on invariant theory for these quantum groups and quantum hom-spaces. 



Introduction 

Let V be a vector space of finite dimension over a field of characteristic zero. There are 
two ways of interpreting the symmetric tensor algebra S(V) over V. The first one is to 
consider it as a factor algebra of the tensor algebra T(V) over V. Thus we have a relation 
between two tensors, like a®b = b® a. The second way is to consider S( V) as a subspace 
of T(V) consisting of symmetrized tensors, e.g., for a, b G V, the element a £g> b + b <S> a 
belongs to the symmetric tensor algebra on V. We are thus speaking of two realizations 
of the symmetric tensor algebras over V. The analogous procedure applies also for the 
exterior (anti-symmetric) tensor algebra. 

A Hecke operator R on a vector space V of finite dimension is an invertible operator on 
V®V that satisfies the Yang-Baxter equation and the Hecke equation (x+l)(x—q) = 0. To 
a Hecke operator there is associated a quantum space, given in terms of a pair of quadratic 
algebras (Section [l]). The latter algebras are quantum analogues (or deformations) of the 
symmetric and anti-symmetric tensor algebras over a vector space. 

For a quantum space associated to a Hecke operator, the two realizations for its (quan- 
tum) symmetric and anti-symmetric tensor algebras was first obtained by Gurevich [^]. 
While the first realization was taken as the definition, the second realizations followed 
from the general theory of Hecke algebras. In this paper we give the second realization 
for the (anti-) symmetric tensor algebras on the quantum semi-group of endomorphism 
associated to a Hecke operator and the quantum hom-space associated to a pair of Hecke 
operators. 
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The main idea in giving the second realization is to construct a projector on the tensor 
power of V. For the classical case, it is the (anti-) symmetrizer operator, e.g., a <8> b — ► 
(a®b+b®a) /2. For the quantum space, it is the quantum (anti-) symmetrizer, constructed 
in terms of the trivial and signature representations of the Hecke algebras. In Section [I], 
we recall the definition of the quantum exterior and the quantum symmetric algebras 
associated to a Hecke operator and their second realization, due to Gurevich (Equation 
(^)). Together, these algebras determine a quantum space. Then, we recall the definition 
of the matrix bialgebra associated to the Hecke operator, which is considered as the 
function algebra of the quantum semi-group of endomorphism of the quantum space. 
Unlike the classical case, where a matrix can also be considered as a vector, the matrix 
bialgebra generally cannot be defined as a quantum symmetric algebra associated to a 
Hecke operator. In fact, it can still be defined analogously in terms of a Yang-Baxter 
operator, but this operator has the minimal polynomial of degree 3. As a result, only 
an analogue of the quantum anti-symmetrizer was defined (the operator <3> n in Equation 
(|T^) ), which is no more a projector. There is not strightforward analogue of the quantum 
symmetrizer. 

There is a simple solution by the following remark. Since the Yang-Baxter operator 
defining the matrix bialgebra is a tensor product of the ordinary Hecke operator with 
the inverse of its dual, our operator <3> n is a homomorphic image of a Casimir element in 
Hn ® Ti. n , where TC n is the Hecke algebra of type A n . Using various dual bases in TC n , we 
found eigenvalues of $ n . So that we can modify it to obtain a projector $ Tl (Subsection 
|2.1| ). Now, the choice of a quantum symmetrizer becomes clear. The remark above also 
suggest us define an operator \l/ n , which play the role of the quantum symmetrizer. We find 
its eigenvalues and modify it to get a projector It is the operators \I/ n , n — 1,2, ... , 
which give the second realization for the matrix bialgebra. 

The results can be generalized for the function algebra on the space of homomorphisms 
of two quantum spaces or quantum hom-space. This quadratic algebra is introduced in 
Section ||, it is defined in terms of a pair of Hecke operators. Thus, on it coact the matrix 
bialgebras associated to these Hecke operators. Our second realization for quantum spaces 
of homomorphisms implies a quantum analogue of Cauchy's decomposition (|21). Although 
in the classical case, the operator ty n reduces to the ordinary symmetrizer operator, its 
relationship with Cauchy's decomposition is new. Moreover, the second realization also 
implies interesting results in invariant theory. 

Before describing the invariant theory for quantum groups of type A, let me briefly 
recall the classical theory. Let Mim, n) denote the space of m x n-matrices. Let \x denote 
the matrix multiplication map \i : M(m,t) x M(t,n) — ► M(m,n), fi(A,B) = AB, 
A G M(m, t),B G M(t, n). On the variety Mim,, t) x M(t, n) acts the general linear group 
GL(t), g(A,B) = (Ag~ l , gB). It this easy to see that elements of an orbit of GL(t) have 
the same image under \x. The above action of GL(t) induces an action on the polynomial 
ring on M(m, t)xM(t, n), OiMim, t)xM(t, n)). The classical invariant theory for general 
linear groups studies the subring of invariant polynomials in 0(M(m,t) x M(t,n)). Let 
m* the coordinate function on 0(M{m,n)) and a* be the composition of /i with 
nip which are then polynomial functions on OiMim, t) x M(t, n)). The first fundamental 
theorem of invariant theory states that any invariant polynomial on OiMim, t) x M(t, n)) 
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can be represented as a polynomial functions on the functions a*. The second fundamental 
theorem states that the relations between the functions a* are exactly the minors of ranks 
t + 1 in the matrix (a*-). 

Using the associated homomorphism of algebras //* : 0(M(m,n)) — > 0(M(m,t) x 
M(t,n)), we can reformulate the above theorems as follows: 

1. A polynomial in 0(M(m,t) x M(t,n)), invariant under the action of GL(t), is con- 
tained in the image of /i*. 

2. The kernel of \i* is the ideal in 0(M(m, n)), generated by minors of degree t + 1 in 
the matrix (e*-). 

The characteristic free proof of these theorems, due to DeConcini-Procesi PJ, uses the 
notion of standard basis and has close relationship with combinatorics. A generalization 
of these results for standard quantum general linear groups was obtained by Goodearl 
et.al [||, [J. Their proof closely follows DeConcini-Procesi's proof. 

In the quantum setting, the variety M(m, n) is replaced by a quantum hom-space. 
Given two Hecke operators R, S, the quantum hom-space associated to R, S is denoted 
by Msr- On the algebra Msr coact the bialgebras Er on the right and Es on the left. 
In Section f|, we study two sided ideals in Msr which are invariant with respect to these 
actions. In the classical case, these ideals were studied by DeConcini-Eisenbud-Procesi 
[§] . We show that there is a one-one correspondence between invariant ideals and diagram 
ideals in the sense of (note that our notation here slightly differes from the notion in 
0], a partition is replaced by its conjugate partition). In the classical case, those invariant 
ideals that correspond to diagram ideals of the form ((l fc )) = {A|Ai > k} are determinantal 
ideals, i.e., generated by minors of degree k. In our general case, the notions of quantum 
determinant and quantum minor is not defined. We show, however, that in the case of 
standard quantum general linear groups, where these notions are defined, the quantum 
determinantal ideals, introduced by Goodearl et.al., are precisely those corresponding to 
((l fc )), for some k. 

The setting for invariant theory of quantum groups of type A involves three Hecke 
operators R, S and T, of which R is also a Hecke symmetries. The morphism /i* mentioned 
above becomes an algebra morphism 

{j? : — ► M TS — ► M TR <g> M RS . 

The corresponding quantum group is the Hopf algebra associated to R, Hr. This Hopf 
algebra coacts on the source and the target of fi* and the formulation of the first and the 
second fundamental theorems can be made analogously as in the classical case. Since Hr 
is not commutative, there are more than one coactions of it on Mrs, which yield different 
versions of the fundamental theorems. 

The method of our proof is new. It relies mainly on the second realization of function 
algebras on quantum spaces homomorphisms. In the case of standard quantum general 
linear groups, our result is precisely those obtained in ||. On the other hand, our 
assumption about the quantum groups also covers the case of standard quantum gen- 
eral linear supergroups. Thus, we have particularly proved the fundamental theorems 
for quantum general linear supergroups, which have as a special case the fundamental 
theorems for general linear supergroups. Unlike the case of (quantum) general linear 
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groups, in the super case, the kernel of /i* is not generated by (quantum) minors. It is an 
interesting problem to study such ideals. 



0. Preliminaries 

Throughout this paper, we work over an algebraically closed field IK of characteristic 
zero. 

0.1. Partitions. A partitions A of n G N is a sequence A = (Ai, A2, •••) of non- increasing 
non-negative integers, whose sum is n, we write Ahnor |A| = n. The maximal number 
r, for which A r 7^ 0, is called the length of A. The diagram [A] associated to A is a matrix, 
whose first row contains Ai elements, called nodes, second row contains A2 elements, and 
so on. The conjugated to A, denoted by A', is the one, whose diagram [A'] is obtained 
from [A] by rotating it 180° along its diagonal. 

A standard A-tableau is the diagram [A], filled by numbers 1,2, |A|, in such a way 
that they increase along rows and columns. The number of standard tableaux is denoted 
by d x . 

0.2. Symmetric Groups. The symmetric group <B n consists of permutations of the set 
1,2, ... ,n. It can be regarded as the group generated by transposition Vi = + 1), 
1 < i < n — 1, subject to the relations: vf = l,t>jfj+ifj = v i+ iViV i+ i and v(Vj = VjVi if 
\i — j\ > 2. The length l(w) of an element w is the minimal length of the words in Vi 
expressing w. It equals the number of pairs 1 < i < j < n for which iw > jw. 

0.3. Hecke Algebras [[|. The Hecke algebra H n = H n ^ is a g-analogue of the group 
algebra K[(5 n ]. It is generated over K by 1 and the elements T i} 1 < i < n — 1, subject 
to the relations Tf — (q — l)Tj + q, TiT i+ iTi = T i+ iTiT i+ i and TjTj = TjT, if \i — j\ > 2. 
When q — 1, H n A reduces to K[(3 n ], Tj — > Vi. 7i n has a basis consisting of T w ,w G & n , 
Ti := 1, T Vi := T h T W T U = T wu if l(w) + l{u) = l{wu). 

We shall always assume that q n 7^ l,Vn > 1. In this case is semisimple. 

The embedding Hi ® 7i m — >■ 7~li+ m , mapping Hi 3 Ti to Tj G Hi +m and H m 3 Tj to 
I m+ j G Hi +m , is called the standard embedding. 

0.4. Representations of the Hecke Algebras [Q. Representations of H n ,q, for q not 
being root of unity, can be parameterized by partitions of n. Let S\ be the simple 
representation of H n , corresponding to A, then the dimension of S\ is d\ (d\ is defined 
in p.l| ). Let A\ be the block, i.e. a minimal two sided ideal, in H n , that corresponds to 
A h n. Let E$, 1 < i, j < d x be a basis of A x such that E\ j Ef = 5{E{ 1 . Thus, Ef are 
mutually orthogonal primitive idempontents of H n . Notice that for A^/j, E x j E^ 1 = 0. 

We shall also consider the algebra H° p . Its simple comodules are canonically identified 
with S\*, the dual vector space to S\: if (fix is the representation of H n on S\, then the 
representation of 7i° p on S\ is given by (fi\{w) := (fi\{w)* . 
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0.5. A bilinear form on 7i n [Q. There exists a non-degenerate, symmetric, associa- 
tive bilinear form on H n , defined as follows: (T U ,T W ) := q^S™ . Thus, we see that 
{q~ l( - w ^T w -i,w G ©„} is the dual basis to {T Wl w G & n } with respect to this bilinear form. 
Therefore, the Casimir element J2 w ee n Q~ l ^T w ® T w -i is central: 

Since ^4a is simple, the bilinear form restricted on A\ should satisfy (E^, Ef) = 5 J k 5lk\, 
for certain coefficient k\ ^ 0. Thus {E% , A h n, 1 < i,j < d\} and {/c^ 1 .^ 1 , A h n, 1 < 
hj < <^a} are dual bases. Therefore 

^ q~ l ^)T w ® T w -i = £ K X Et®El (1) 

l<i,j<d A 

Denote n A := Ei<ij<d„ k^E* <g> Then 

The coefficients &a can be explicitly given (cf. |T0| ) 



h = <£. ^« ft r -^- T n [Ai " Aj+ r ?]g - 

0.6. Hecke Operators. Let V be a finite dimensional vector space over a field K and R 
be a invertible operator on V <S> V. is called Hecke operator if the following conditions 
are satisfied: 



RiR 2 Ri = R2R1R2 where R 1 := R(g) \d v , R 2 := \d v <g) i?, 
(R + 1)(R - q) = 0. 

A Hecke operator induces a right representation p of TC nj q on \/ 0n , for n > 1: p(Tj) = 
: = id® i_1 <g> i? <g> id^ n ~ i-1 . For any w G © n , we denote R w := p(T w ). 

0.7. Hopf algebras. We assume that the reader is familiar with the notions of bialgebras 
and Hopf algebras and their (co)modules. The reader may consult [23 or Jl9|, Chapterl] 



for basic notions of bialgebras and Hopf algebras. For a coalgebra C, C cop denotes C with 
the opposite coproduct. Similary, for a bialgebra B, B cop denotes the B with the opposite 
product and coproduct, it is a bialgebra too. If M is a right C comodule then M* is a 
left C-comodule in a canonical way, namely, if 5 denotes the coaction of C on M, then 
the left coaction A of C on M* is given by A(0)(m) = (ft(S(m)) for all m G M, (ft G M*. 
Hence, M* is a right C cop -comodule. 

0.8. The dual space to a tensor product. To a vector space V, the dual vector 
space is defined to be V* := Horn (V, K). If V is finite dimensional over K, then so is 
V* and they have the same dimension. For finite dimension vector spaces, there is the 
following equivalent definition of dual vector spaces which is more suitable for further 
generalization (cf. |§). The dual vector space to a vector space V (of finite dimension) is 
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a pair (V*, ev v : V* ® V — > K), such that there exists a linear map dby : K — > V ® V*, 
satisfying the following conditions (idy is the identity map on V): 

(ev <g> id A f*)(id A /* ® db) = id M *, (idjw ® ev)(db ® \d M ) = idju- 

The dual vector space is determined uniquely up to an isomorphism by these conditions. 
For the generalization for monoidal categories see pi Chap. 1] or $M. Notice that ev 
plays the role of the pairing between V and V*. 

Although the vector space (V ® W)* := Horn (V <8> W, K) is uniquely determined, there 
are more than one way of specifying a basis for this space based on given bases on V 
and W. This can be seen from the point of view of the second definition above as the 
existence of more than one choices of the K-linear mapping evy^w More precisely, one 
can set (V ® W)* = V* <8> W*, which is the usual way, or (V ® W)* = W* (g> V* which 
is actually a more standard way. In this paper we shall use both ways of identifying 
(V <8> W)* . Note that for longer tensor products, we shall identify their duals in the above 
two ways (although there are more), namely (V ® W ® • • • ® U)* = V* (g> W* g) • • • ® U* or 
(V <S>W <S> ■ ■ ■ <S> U)* = U* <g> ■ ■ ■ (g> W* ® V* . For the case of V® n = V ® V (8 • • • ® V, the 
above notation may be confusing, so we shall use the notations V"*®" and V® n * to refer 
to the first and the second identification, respectively. 

One of the reasons to specify the dual spaces is for describing the matrices of adjoint 
operators. Recall that to each operator R : U — ► V on finite dimensional vector spaces, 
there corresponds an adjoint operator R* : U* — > V*, which is uniquely determined. 
For operators on tensor products, the determination of an adjoint operator obviously 
depends on the choice of the specification of dual spaces. In this paper we shall use the 
following notation for the matrices of adjoint operators: l R for the usual identification 
(V ®W ® ■■■ ®U)* = V* <g> W* <g> ■ • ■ <g> U* and R* for the "standard" identification 

(V <2) w ® • • • ® uy = u* ® • • • ® w* ® v*. 

1. Matrix Quantum Semigroups of Type A 

Let IK be an algebraically closed field of characteristic zero, which will be fixed through 
out this paper. Let q G K x which is not a root of unity of order greater that 1. q will 
also be fixed through out the paper. 

1.1. Quadratic Algebras. Let V be a vector space over K of finite dimension. Let R 
be a subspace of V ® V. Let A = A( V, R) be the quotient algebra of the tensor algebra 
on V by the two-sided ideal generated by elements of R: 

A(V,R) := T(V)/(R). 

Such an algebra is called quadratic algebra |1| Chap. 1]. R is called the space of relations 
of A. The two-sided ideal, generated by R, is usually denoted by i?(A). Since the relations 
on A are homogeneous, A inherits a grading from T(V) 

oo 

A = 0A n , A n = V® n /R n (A) 

n=0 

iT(A) = J2 R ( A )"i ^(A)? := V 1 - 1 ®R® V"- 1 - 1 , 1 < % < n - 1. 
i=i 
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The Poincare (or Hilbert) series of A is by definition the formal power series P^if) '■ = 
E£Lo dim KA fc . The dual quadratic algebra to A, A ! is defined to be A ! := J(V*) / (R(A) L ). 
It is easy to see that (A|J* = f)?=l R(A)f. 

Example. Assume that V has dimension d. Then T(V) is canonically isomorphic to the 
free non-commutative algebra with d generators: k(xi,X2, ■ ■ ■ ,x^). The polynomial ring 
in d indeterminates is the quotient of this algebra by the ideal generated by elements of 
the form thus a quadratic algebra. The Poincare series of the polynomial 

ring is equal to (1 — t)~ d as a formal series. The dual quadratic algebra is the polynomial 
algebra on anti-commuting indeterminates A(^ 1 ,^ 2 , . . . , £ d ), it is the quotient of the free 
non- commutative algebra k(^ 1 , £ 2 , . . . , £ d ) by the ideal generated by elements of the form 

1.2. Quantum Spaces and Quantum Endomorphism Rings. Let R = R q be a 

Hecke operator on V, where q G K x will be assumed not to be a root of unity of order 
greater than 1. We define the following quadratic algebras 

S = S«:=T(V)/(lm(J2- ff )), (2) 
A = A R :=J(V)/(\m(R+l)). (3) 

Sr and A_r are considered as the function algebra and the exterior algebra on a quan- 
tum space. The function algebra on the quantum semi-group of endomorphisms of this 
quantum space is defined to be a quadratic algebra on V* (g V, given by 

E = E R :=T(V*®V)/(\m(R-l)), (4) 

where R := S(23)(i2* _1 (g R)s (23), acting on (V* (g V)® 2 , S(23) interchanges the second and 
the third components in a tensor product, (see [§, Section 1.2]). One can check that 

R(E) = s (23 ) (i?(S) ± <g> R(S) © R(A) 1 <g> R(A)) . 

Using g(23) we shall identify R with <g> R acting on V* m <g> V® 2 . 

Let evy denote the linear map evy : V* <g> V — ► k, <p ® x 1 — > </>(#) • Then there exists 
uniquely a morphism dby : K — ► 1/ (g I 7 *, subject to the following conditions: 

(ev <g> idy»)(idy» (g db) = idy*, (idy g) ev)(db <g) idy) = idy. 

In fact, if Xi, X2, . . . , x n form a basis of V and £ , £ 2 , . . . , £ n form a basis of V*, such that 
evy(£* (g) Xj) = 8j, then dby is given by dby (1) = J2k £ fc ® ^fc- Conversely, the dual vector 
space V* can be given in terms of the linear map evy and dby. Then T n = V*® n <g> V® n 
is a coalgebra with the coproduct 

A n = id <g> dby^n ig id : V*® n ® U®" — ► ® F®" ® V*®" ® V r0n . 

The direct sum of A n defines a coalgebra structure on T making it a bialgebra. It turns 
out that the ideal generated by R(E) is a biideal (cf. |yj Chap. 2]), hence E = T/R(E) is 
a bialgebra too. Set e* := £ l g) Xj. Then {e* := (g X,-, 1 < z, j < d} is a basis of V* g) V. 
Then the coproduct on E is given by 

A(e}) = £4®4 
fc 

We shall also write A(J5) = £<g£, for E = (e)). 
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The relation on E can be written in terms of the matrix E as follows (cf ||): 

RE ± E 2 = E^R, where E x := E ® id(d), E 2 := \d{d) <g> £. (5) 

is a right comodule over T, with the coaction Sy = dby <E> idy : V — > V (g> V™ <S> V, 
hence a right comodule over E. Since E is a bialgebra, V® n is also a right comodule over E. 
Its dual, (y® n y is a left comodule over E in a canonical way, hence a right comodule over 
E cop . The relation in (|J) implies that R is a morphism of E-comodules. Hence, A n > S n are 
right E-comodules, they are factor comodules of V® n . Actually, E n is a subcoalgebra of E 
and the cocation of E on V® n , A n , S n factorizes through E n . Since E n is finite dimensional, 
E n * is an algebra and its left modules are in one to one correspondence with right E n - 
comodules. Therefore E n * acts on V® n , A n , S n . On the other hand, the operator R induces 
a right action p = p^ on V® n of the Hecke algebra 7i n . We have a quantum analogue of 
Schur's double centralizers theorem Theorem 2.1]: 

E n * - End^V®"), (6) 
p(H n ) = End En *(V^ n ) = End E "(V^ n ). (7) 

As a consequence, simple E n comodules are parameterized by primitive idempotents of H n , 
which, in their order, are parameterized by partitions of n. For each primitive idempotents 
E\ of H n , p(E\) is either zero of a simple E„-comodule, conjugated idempotents define 
isomorphic comodules. In particular, as E n -comodules 

A n = lmp(F„), S„^lmp(X n ), 

where X n = ([n] 9 !) _1 Y, w e&„ T w , Y n = ([n],-i!) _1 Y,we&„ q~ l{w) T w , the g-symmetrizer 

and g-anti-symmetrizer operators, where [n] q := (q n — l)/(q — 1). Moreover we have 
isomorphisms of algebras 

oo oo 

S = 0p(I n ), A = 0p(A n ), (8) 

n=0 n=0 

where the product on the spaces on the right-hand sides of these isomorphisms are given 
by 

x e p(X n ),y G p(X m ) — > x ■ y := p m+n (X m+n ){x <g> y) (9) 
x e p(Y n ), y e p(Y m ) — > x ■ y := p m+n (Y m+n )(x ® y). (10) 

This is the second realization of S and A, first considered by Gurevich 0. In other words, 
let X = J2^=o p{X n ). Then A is a projection on T(V), which carries the algebra structure 
of T(V) to its image Im A making this space an algebra. The second realization states 
that Im A is isomorphic to S^. Further, we have 

n— 1 n—1 

\m P (x n ) = n Rm, im P (y B ) = n w w 

i=i i=i 

This means S is isomorphic to A ! *, A is isomorphic to S ! * as graded space, where * means 
graded dual. 
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Example. Let R d be Drinfel'd-Jimbo's solution of the Yang-Baxter equation of type A d _i. 
Explicitly, R d is given as follows, with respect to a basis Xi, x 2 , . . . , x d , 



K = TT7^ 6 % + i + 1 ^ * M ^ e « ■= sign (J - l) 



The Hecke equation of R is (i? + 1)(-R — g 2 ) = 0. Im (i? — g 2 ) has a basis consisting 
of elements of the form Xi ® Xj — q~ x Xj (g) Xj,i < j. Im (R + 1) has a basis consisting 
of elements of the form XiXj + qXjXi,i < j. Thus the relations on the algebra Sft d are 
XiXj — q^xjXi = 0,i < j and the relations on the algebra f\n d are x^x.,- + qXjXi = 0,i < j. 
The second realization of S and A says that their elements can be realized as g-symmetrized 
tensors in k (xi, x 2 , ■ ■ ■ , x d ) : 

for S : Xi x Xi 2 ■ ■ ■ Xi k i > ^ ] q ^ ^Xj lS ® Xj 2S (8* • • ■ ® ^i fc s 

ses fc 

for A : x^x^ • • -x ifc i — > E (-g) i(u,) x ilS <g> x i2S (8> • • • <g) X; fcS . 

The situation for the algebra E is more complicated. In studying the Poincare series 
of E, Sudbery p2] introduced an operator <3>, acting on Ef 3 , which is an analogue of the 
symmetrizer X n . The study was further developed in 0, where a complete description 
of the Poincare series of E was given in terms of the Poincare series of A. Define for each 
n > an operator 

:= E (-1)' H ^- (12) 

As it has been mentioned, we identify R w with t i? _1 u , ® R w , acting on V*® n ® V® n . For 
n = 3, $ 3 is the operator introduced by Sudbery. It was shown that 



n-l 



lm<&»= n^CE)?, (13) 

i=i 

for transcendent q || Thm. 2.6], from which follows 

P E (t) = P s oP A , (14) 

"o" is the product in the A-ring Co[[t]] of power series with constant coefficient equal to 
1 (see, e.g. 0). 

2. Another Realization for The Algebra E 

Unlike X n and Y n , the operator $" introduced in ([T^) is not a projection. This is 
the main difficulty in giving the second realization for the algebra E. If we know the 
eigenvalues of this operator, we can modify it to get a projection. 

2.1. The Operator $ n . Let us denote R' := —qR^ 1 . Then R' also satisfies the equation 
(x + l)(x — q) = 0; hence induces a representation of Ti n on V® n . Let o = gr be the 
representation of H° p on (V® n )*: a(T w ) = {R'J*. If we identify (V® n )* with V*® n then 
(R' w )* = *P^-i- Applying a ® p on the identity (|), we get 

E g-' w X®^= E (15) 

IU66„ MlSSn 
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Recall that R = -q- u R' ® R. Therefore, 

E (-1) 1{W) R W = £ g*<«>*J4-i ® 

= E (16) 

Ul£© n 

Denote $ A := (a g> p)n A = J2 k \ 1(X ( E \) ® p(-^a)- Then we have 

l<i,j<d x 

$1 = d x k^ x . (17) 

Thus, the spectrum of $ n is contained in {d x k^ X \X h n}U0. Note that if g = 1, dxk^ 1 = n\. 

The isomorphisms in (^J) and (|7|) imply the following decomposition of V® n as E n * — 7i n - 
bimodule: 

V® n ^®\mp{E x )®S x , 

Ahn 

where S x is the simple right ?Y n -module, isomorphic to the right ideal in 7i n , spanned by 
{E{ m \l <m< d\}, for each fixed j. Analogously, as E„* op — 7i° p -bimodules, 

V 9n <*®\m<r(E x )®S x *, 

A 

where S x * is the simple right 7i° p -module, isomorphic to the right ideal in H° p , spanned 
by {E™ J \l < m < d\}, for each fixed j. Therefore, 

: - 7Y° P <g> H n -bimodules. In particular, for any elements x G \ma(E ll ), y G 
p(E u ), x <S> y <£> S^* ® is an invariant space of $ n and the action of $ n on this space 
does not depend on x, y. Moreover, we have: 

Lemma 2.1. Let x G lmer(J5 M ) and y G \mp(E v ). Then the operator $ A vanishes on 
x®y ® Sfj* (g> if p ^ X or u ^ X; and if p = v = X, it has rank 1 on x®y ® S\* ® S\. 

Proof. Since S„ (resp. S^*) is simple over Tt n (resp. 7i„ p ), the action of $ A on x ® y (g> 
5 M * ® is equivalent to the action of n A . Thus, it is zero if p ^ X or v ^ X. 

Fix i,j and let {E™ 3 ®E l x n \l < m,n < d\\ be a basis of S x * ®S X . We have, as elements 
in H° n p ®H n , 

(E{ m ®E?).Tl x = {E{ m ®Ef). J2 ^ E 'x 

l<i,j<d x 

= C^a 1 E E l l®El 

l<l<d x 

That is, the action of II A from the right on S x * ® S x has rank 1. I 

Corollary 2.2. E cop ® E-comodules 

lm($ A ) = lma(£ A )®lmp(£ A ), 
| m |m a (£ A ) ® | m p (£ A ). (19) 

Ahn 
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Not all A h n contribute in the second decomposition of fllpp. For some A, o~(E\) or 
p{E\) my vanish. See Theorem |2.6| for the vanishing condition of cr(E\) and p(E\). 

2.2. The Operator \I/ n . The operator $ n is not a right projection that we need for 
describing E. The discussion in the previous subsection suggests us a new operator. 
According to @, E 2 is isomorphic to Im (R + q), where R := s^3) (*R <8> R) S(23)- We shall 
also identify R with *i? <8> R acting on V*® n <8> V®"-. Let us define 

:= <1~ 1(W) R W - 

Let t be the representation of 7i° p on (V® n )*, induced by R. Thus, r(T^) = t R w -i. In 
analogy to (TO), we have 

E = E fcjM^)®p(^ 4 )- 

Notice that p(E\)*, considered as 7i° p -module, is isomorphic to t(E\). This is because 
E\ is also a primitive idempotent in 7i° p . Therefore, we have a decomposition of E„* op £g> 
E n * - K° p ® ft n -bimodules: 

F*® n ® K " S \mp(E x )* <g> \mp(E x ) ® S A * ® 5 A . (20) 

A,/ihn 

Set \I/ A = (p* <8> p)n A . An analogue of Lemma [2.1| holds for \I/ A . Consequently, we have 
Corollary 2.3. There exist an isomorphism of E cop ® E-comodules 

| m * s Im t(E\) ® Im p(£ A ) = Im p(£ A )* ® Im p(£ A ). (21) 

Ahn Ahn 

On the other hand, according to ([/]), there is an algebra isomorphism 
E n * * ©End^(V^) * 0lmp(£ A ) ® lmp(J5 A )*. 

Ahn Ahn 

Consequently, we have an isomorphism of coalgebras 

E n = 0lmp(£ A )*®lmp(£ A ). (22) 

Ahn 

Therefore, as E^ op ® E„-comodules, 

E„ = lm^". (23) 
The operator \l/ n is not a projector. However we can slightly modify it to have a projection 

r:=^M A -M^)*®P(^ ! ). 

A 

Set \& = Then \l/ is a projector on T(V* ® V), which then induces an algebra 

structure on its image Im for a e y*®«®\/® n and b e V*® m ®V® m , a-b : = \I> n+m (a®&). 

Theorem 2.4. Assume that the parameter q is not a root of unity of order greater that 
1. Then the projection \I/ induces an algebra isomorphism from E = to Im ^ . 
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Proof. We have (R + q)(R - 1) = (R - l)(R + q) = 0. Therefore, if x G Im (R\ - 1) 
then (R + q)x = 0, consequently, \I/ n vanishes on J2i=i ^(E)™; hence vanishes on 
S£=i -R(E)™, too. Taking fl23|) into account, we conclude that J27=i -^(E)f is precisely the 
Kernel of Thus, the linear map * : T(V* (g> V) — ► 0~ =o lm^ n , a i — > ©~ =0 ^ n (a) 
has the following properties 

a e R(E) *(a) = 

a = *(a) mod J R(E). 1 ' 

That is -R(E) = Ker\I/. Therefore, \I/ factorizes through -R(E) to a linear isomorphism 
^:E — e~ lm* n . 

Let ae(V*® V)® m , b e (V* ® I/) 55 ' 1 . According to (|f), we have 

# m (a) = a mod i?(E) m tf n (6) = a mod i?(E) n , 



hence 

Consequently, 



# m (a) <g> ^ n (6) = a ® 6 mod i?(E 



,m+n 



* m+n (* m (a) <g> ^ n (6)) = ^ m+n (a <g> 6), (25) 
meaning that ^ is an algebra homomorphism and therefore isomorphism E — > Im ^.1 



We now proceed to show that, for q not a root of unity of order greater than 1 (cf. Eq. 
(11)), 

n=l 

lm$™ = P| i?(E)™. (26) 
i=i 

The inclusion "c" is obviously, for we have Q n = {R4 — l)Pj for certain operator Pi, 
i — 1, 2, . . . , n — 1. To show the equality, we compare the dimensions of E ! n and Im 
Let Za = dim fclm p(E\). From the definition of the operator S, we see that ct(-E'a) — p(Ey) 
as vector spaces. Therefore dim lm$ n = J2x\-nh'h- 

On the other hand, since E is a Koszul algebra (with the above assumption on q), (cf. 
§, Thm 2.5]) 

P E (t)P e (-t) = l. (27) 

Hence, according to (fUD, we have -Pe ! W = ^(t) -Pa(£), that is dimE ! n = X^i-n^A' EH- 
Therefore 

dim f) i?(E)7 = dim (E ! n *) = dim E l n = ]T Z A ,Z A . (28) 

i=l Ahn 

Thus, dim lm$ rt = dim E ! n . Whence (gBJ) follows. 

Finally, let us denote by F the quadratic algebra on V* <E> V with relation R(F) := 
Im (R + q). Thus, F can be considered as the quantum exterior algebra over the matrix 
quantum semi-group. We have 

R(F) = s (23 ) (RiS)^ ® i?(A) i?(A) x <g> i?(S)) . (29) 
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In terms of the matrix E, the relations can be given as follows: 

RE1E2 — — qEiE 2 R- 

The vector space V* <g> V is self dual with respect to the pairing (</> <g> x, ip (g> y) : = 
((j),y)(ip,x). With respect to this pairing, F is canonically isomorphic to E ! . Therefore F 
is Koszul algebra and 

Pf(t) = PE(-t)- 1 = P A (t) o P s (t), (30) 

or equivalent ly 

dimF„ = ^2l x ly- (31) 

Ahn 

Decompose (V* ® V)® n (which is identified with V* m ® \/® n ) into simple H° p ® W n - 
modules (with the action given by r®p). Notice that, as in the case of E, F n and i?(F) n are 
K P ® H„-modules. Recall that the operator $ n also has rank £ Ahn l x h> on V*® n ® V® n 
and vanishes on i?(F) n . Comparing the dimension we see that R(F) n is precisely the 
kernel of <& n . Analogously, the image of \& n is n£i P(F)™- Thus we proved an analogue 



of Theorem 12.41: 



Theorem 2.5. The algebra F is a Koszul algebra and can be realized as lm$ ; $ : = 

The question when p(E\) is zero can be answered by knowing the Poincare series of Sr. 
More precisely, is is proved that the Poincare series of S# is a rational function having 
only negative roots and positive pole (as a complex function). Let r denote the number 
of poles and s denote the number of roots of Ps{t). We call the pair (r, s) the birank of 
R. For example, the birank of the operator Ra in Section [J is (d, 0). 

Let T rs denote the set of partitions A such that A r+ i < s. 



Theorem 2.6. [T2|, Theorem 5.1] Assume that the operator R has the birank (r, s). Then 



the comodule V\ := \mp{E\) is non-zero if and only if A £ T r 



3. The Quantum Spaces of Homomorphisms 

The notion of E# as an "endomorphism ring" of a quantum space can be generalized 
to the notion of "space of homomorphisms" of two quantum spaces. Let R and S be 
Hecke operators on V and W, respectively. We define the quadratic algebra M = M^^ on 
W* ® V, whose relation is 

R(M) := S(23) ((P(S 5 ) X ® R(S R ) © R(As) 1 - ® R(A R )) , (32) 

where, as usual, R(S$) '■= lm (S — q), R(Sr) := Im (R — q), and so on. We have 

R(M) = \™(s (23) ( t S- 1 ®R)s (23) - id). (33) 

As in the previous section, we shall identify the two vector space (W* <8> V)® n and W*® n ® 

The algebra M can be interpreted as the function algebra on the quantum space of 
homomorphisms (or quantum hom-space) from the quantum space associated to R to the 
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one associated to S. Let basis of V and rj 1 , - • ■ ,r} n be a basis of W*. 

Then {m* := 77' <S> a^} form a basis of (g) V. M is then isomorphic to 

K(m}|l < z < n, 1 < j < m)/(SM 1 M 2 - M^R) (34) 

where M = (nty), Mi := M <8> id(n), M 2 := id(m) (g) M. M has the following properties: 
Let A := (ai, 02, . . . , a n ) be a point of S5, i.e., (A (g A)(R — q) = 0, and T = (t*) be 
a point of Mg^, such that eij and tf commute. Then A®M is a point of S#, where 
(A®M)i := 2fe flfc ® m* . Analogously, if i? is a point of As commuting with T then B®T 
is a point of A_r. 

There is also an interpretation of M$r from the categorical view-point. The bialgebra E 
can be constructed as the Coend of the functor $ from the braided monoidal category V, 
generated by one object v and one morphism r : v ® 2 — > v ® 2 , into the category of vector 
space, such that $(v) = V and $(t) = R (cf. |2l], |18|). That is, for any vector space X, 

Nat(£,5®X) = Hom K (E,X) (35) 

where Nat (5, <8) denotes the set of natural transformation between functors $ and 0, 
#<gX is the functor that sends w to #(u;)(g>X and sends / to 5 r (/)®idx, v E V, f E Mor (V). 
Let us now consider another functor 0, with (5(v) = W and <8»(r) = T. Then we have 

Nat (fo <8 ® X) = Hom(M 5fl ,X). (36) 

The exterior algebra on the quantum hom-space is defined to be 

N = H SR := T{W* ® 7)/lm (s (23) ('S ® i?)s (23 ) + g ■ id). (37) 

The bialgebra Br coacts on M and N from the right. The coaction is induced from 

4) = Efc^ij. ® 4- 



the one on VT* (g V: 5(m*) = Z^m^. <8> e^. Analogously, Eg coacts on M and N from 



the left, with the coaction induced from 8{m l A = J2i e i ® m j- Thus, M and N are right 
E C g V <g> E^-comodule algebras. 

We show in this section that M and N are Koszul algebras, compute their Poincare 
series and give a second realization. Since N$r = Ms'R, S' = — qS' 1 , it is sufficient to 
study M S r. 

As in (|Tg|), we have a decomposition of (W*®V)® n as an E s rop ®Efl-W°P<g?4-bimodule 
w *®n ^ym^ | m a{E\) <g lm p{E ll ) <g> S x * <g> 5 M . (38) 

The subspace R(M) n of (VT* <g> 1/)® n is an E 5 cop ® E fl -comodule, hence 

i?(M) n = (^(Mrnlm^M^Imp^)®^*®^). 

Remark, if the action of ® i?j on S\* <8> 5^ is not zero then this action does not depend 
on S and R. In fact, the action of ^ ® i?j on 5a* <8> in this case is the action of Tj (g Tj. 

Define the operators and as in (O) with .R = g^ -1 (g i? and R = l S ® R, 
respectively. The corresponding projectors $5^ and ^sr are defined similarly. Notice 
that &sr — ^s'R- From the proof of Theorem and using the above remark we have 

R{M) n = Ker^ n SR . 
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Consider the action of ^sr on a module x <E> y <8> S\* <S> S^, x G cr(Ex), y G p(E^). This has 
rank 1 if A = /i and otherwise. Therefore, for k\ := dim Im p s (E\), l\ := dim Im p R (E\), 
we have 

dim fc M n = dim k (Mf/i?(M) B ) = £ Za^a- 

Ahn 

Since is a projector, so is the map ^sr '■ 0n^o ^sr> which induces an isomorphism 
of algebras M — > 0^ o Im ^sr- This map is also a homomorphism of E™ p ®E^-comodules 
because each ^/sr is- 

The remark above implies that the lattice induced by -R(M)™ n (S\* (g) S^), 1 < i < n — 1 
is distributive in (S\* ® S^) (see [§] for more details). Consequently, the lattice generated 
by R(M)2, 1 < % < n - 1 is distributive in W*® n g> V® n , that is M 5R is a Koszul algebra. 

Theorem 3.1. Let R = R q and S = S q be Heche operators, where q G K x is not a root 
of unity of order greater than 1. Then the algebra Msr is a Koszul algebra, its Poincare 
series are given by 

P M (t) = P SR oP Ss (t). (39) 

There is a realization ofMa subspace ofT{W* ® V): the following is an isomorphism of 
Eg — Eft-bicomodule algebras 

oo 

M = 0lmi»^ (40) 

n=0 

where, for each n, as Es — ER-bicomodules 

M n = Im * n SR = Im Ps (E x y ® lm PiJ (£ A ). 

Ahn 

Further, we have 

n-1 

m*s*) = n^w- ( 41 ) 

i=l 

4. Quantum Determinantal Ideals 

In commutative algebra, the ideal generated by the k x fc-minors in the coordinate 
ring of the varieties Mk(m,n) is called determinantal ideal (0 < k < min(m, n)). This 
ideal is invariant with respect to a natural action of the group G = GLk(m) x GLk(n) 
on 0(Mk(m,n)). It is proved to be prime, see, e.g. 0. The variety determined by Ik is 
called determinantal variety. 

In the quantum setting, we have a coaction of the bialgebra G = E™ p <g> E^ on the 
algebra M SR . A subspace (resp. two-sided ideal) in M S r, which is invariant with respect 
to the coaction of G will be called invariant subspace (resp. invariant ideal). Let M\ 
denote Im t(£a) ® Im p(E\). Then any invariant subspace of M is a direct sum of some 
M A , A G V, (V is the set of all partitions). 

Let us denote by Vsr the set of partitions A, such that k\l\ ^ (see the previous 
section). This set can be fully described using Theorem 1%. In this section we show that 



there is a one-one correspondence between G-invariants ideals in M and D-ideals in Vsr- 
The latter is defined as follows: a subset J of Vsr is called a D-ideal if for any a G J and 
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any r G Vsr, such that r D a, one has r G J (cf. [Q). For any subset J of Psr, let I (J) 
denote the subspace X^gj M a . 
We need the following key lemma. 

Lemma 4.1. Let A and fi be partitions, such that all the Littlewood- Richardson coeffi- 
cients is at most 1. Let denote the set of partitions 7 such that (P x — 1. Then 
the image of the product of M, restricted on M\ <S> M^, is I(C\ tt f). 

Reference for the Littlewood- Richardson coefficients is fI7| . The proof of this lemma 
will be given at the end of this section. 

Notice that for any partition A, A and (l fc ) satisfies the condition of the lemma above. 
In fact, using the Littlewood- Richardson rule Cw iA n is equal to 1 if and only if 7 D A and 
Jj — Aj < 1, I7I — |A| = k; otherwise cL lfc , = 0. Thus we have 

Corollary 4.2. For any partition A and any integer k, M\ ■ Mnk\ = /(Cw^)). 

Following [0], we denote by I a the ideal in M, generated by M a . We have 

Theorem 4.3. I a = E t d*M t . 

Proof. Since M a ■ M(i) = J(C CT (i)) and 7 G C<r(i) implies 7 D 0, we have Jo- C I] r3cr M T . 
Assume r D o and |r| = |cr| + 1. Then r G C*a(i)- Hence, M T appears in M a ■ Mm, thus 
M T C I a . By induction, ^ T=)(T M T C J CT .l 

For each set J G V, let (J) denote the smallest D-ideal in V, containing J. The 
following facts follow immediately from Theorem [4.3| . 

Corollary 4.4. 1. The ideal generated by I(S) for some subset S C V is I((S)). 

2. l a D I T if and only if r D a. 

3. Let J C V . Then I (J) is an ideal in M if and only if J is a D-ideal in V. 

We now describe the product of determinantal ideals. We need the following order 
on the set of partitions (cf. ||). Firstly, we identify a partition with the diagram it 
determines. Define functions k = 1,2,..., on the set of diagram as follows. For a 
partition a = (<7i, 02, • • • ), /3k((r) :— a[ + a' 2 H — • + cr' k , where a' is the conjugate partition 
of a. In other words, /3&(er) is the number of boxes in the first k columns of the diagram 
determined by a. We say that r > a if for all k, /^(r) > /3j.(a). 

Proposition 4.5. Let o = (oi, o~2, ■■■) be a partition. Then the product of ideals I r7i is 
I(D a >) where D a > is the set of partitions r such that r > a' in the above defined order. 

Proof. We use induction. If a has only one non-zero component, the claim is obvious. 
Let o = (01,02, ... ,a r ). Denote 0* the partition = (01,02,... ,0 r __i). Using the 
induction assumption, one reduces it to showing that 

I(D a ) = I(D a J ■ I ar . 

Let M\ C I(D a J ■ I ar . Then A G C 7 (i<r r ), for some 7 G D^, by Corollary P~2"| . In this 
case A contains 7 and satisfies A* — ji < 1, | A| — I7I = r . Hence, for any fc = 1, 2, r — 1, 
/3fe(A) > Pk(l) > /3k(o-*) = /3 k (cr), and for k = r, (3 r (\) = fir-iil) + 0> > f3 r -i{cr*) + cr r = 
P r (<r). Thus, A G that is • h r C I(-Da)- 

To show the converse inclusion we need the following lemma. 
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Lemma 4.6. With the above notations, if A > a' then there exists 7 C A, such that 
A > a J and A G C^nar). 

Proof. Instead of considering partitions A and a, we consider their diagrams using the 
same notation. By assumption, the number of boxes in the first k columns of A is greater 
than the corresponding number in a, for k = 1,2, ... Let 6(A) denote the set of boxes lying 
in the rightest place in each row. Thus the number of boxes in 6(A) is /3i(A). Since A > a', 
1 6(A) I > 61(0"') = <7i > <7 r . To obtain 7, we remove from A o> boxes in 6(A). Starting from 
the lowest one in the rightest column we remove all the boxes bottom up (all these boxes 
belong to 6(A)). Then we remove those boxes of 6(A) lying in the second rightest column 
in the same way and keep doing this further to the left. We remove as many boxes as the 
number of boxes in the rightest column of a', i.e. o~ r boxes. The diagram obtained is 7. 

To see that 7 > a/, we proceed as follows. Each time when we remove a box from 
A, we also remove a box from the rightest column of a' in the order bottom up. Thus 
we have two sequences of diagram denoted by A = A(0), A(l), . . . , A(cx r ) = 7 and a' = 
o-'(0),o-'(l), . . . ,a'(a r ) = aj. It is easy to see that if \{t) > a'{t) then A(i + 1) > a'(t + l). 
Since A > a 1 , we conclude that 7 > aj . 

On the other hand the set C^na r ) contains such partitions A that < 17 — 7^ < 1 and 
M ~~ ItI = °r- Thus, the construction of 7 above also implies that A G G^{\a r \. The 
Lemma is therefore proved. 

Assume now that A G D a , by Lemma, there exist 7 C A such that 7 > <r* and 
A G C 7 (i<>-r). That is 7 G D Ut and, by Corollary P~2"| , M\ C I(D a j) • I Ur . That is, 
I{D a i) C I(D a /) • I ar . The proposition is proved.l 

The next interesting question is whether the primeness, radicals, preserve through the 
correspondence J — ► I (J). This problem is completely open. The following property is 
the only one in this direction that I am able to prove. 

Proposition 4.7. Let J be an invariant ideal in M. Then \fl is invariant, too. 

We first recall the definition of the radical of a (two-sided) ideal in a non-commutative 
ring. An m-system in a ring R is a set of elements such that for each two of its elements 
a, 6, there exists an element r from the ring, such that arb belong to this set. Let I be an 
ideal. The radical \fl of / is defined to be the set of elements s, such that any m-system 
containing s intersects non-trivially with I. 

Proof. We have to show that for any element a G y/1, the G-invariant space generated 
by a also belong to y/1. To simplify the discussion, we introduce the algebra G*. Recall 
that G = E^ p ® is a cosemisimple bialgebra. Hence its dual is the completion of a 
direct sum of endomorphism rings on certain vector spaces 

G* = 0End(\/ AM ) - J] End (V^), 

where the product on the right-hand side is defined componentwise. Let 7Ta m be the pro- 
jection on the A/z-component. It is obvious that an element / of G* is invertible if and 
only if TTx^f is invertible in End (Vxp), for all A,/i. Let U be the of invertible elements in 
G*. Since the set of invertible elements in End (V\^) spans this vector space, the set U ■ m 
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spans the submodule generated by m. Let now m G y/7. It is thus sufficient to check that 
U -m £ yfl. This is an easy consequence of the fact that U consists of invertible elements 
and the product on M is G*-equivariant. The proposition is proved! 



Proof of Lemma UJ. We use the characterization of the product of M given in Theorem 
gg . Thus for a G M A , b G M M , a-b — ¥ +m (a ® 6), where I = |A| ,m—\fi\. It is to show 
that for any given 7 G there exist such a and b, that ^ 7 (a®&) 7^ . According to the 
fact that the product is G-equivariant and that M a is a simple G-comodule the assertion 
of Lemma will then follow. 

Denote V\ := Im p(E\). We have an isomorphism of E n * op £g> E n * (g) 7i° p (g) 7i n modules 
(cf. Eq. ©) 

For any fixed i and j, 1 < i, j < d\, we can assume that the set < m < d\} and 

{Ej^ll <m< d\} are bases of S\ and S\, respectively. In this setting, an element of M\ 
can be represented as a linear combination of elements of the form v <8> {J2 m E™ % <g> -Ea™) 
for some v G <g) V\. That subspace of V A * <g> Vx <g> Sa* ® Sa, 



We have, with the assumption on A and \i 

Vx®V,= V a , V*®V;= V:, (42) 



as E/ +m -comodules, where the coaction of E; +m on the left-hand side is induced by the 
product on E, E; <g> E m — >• E m+ i. Therefore, 




m x ®m,= y; 

so that, for each 7 G Ca, m , we can choose v G V^* <8> V\ and 10 G V?* (g) V^, such that the 
projection ■k 1 (v®w) oiv®w on VL* eg) through the above isomorphism is not zero. The 
crucial point here is that in the decomposition ( f4"2"D is multiplicity-free. 

On the other hand, if we embed Hi <g> H m into Hi +m in the standard way, then S 7 , 
considered as Hi <g> H m -module, contains S\ (g) S M as a simple subcomodule. Therefore, 
the space 



\m,?i / 

is a subspace of V^* (g) V" 7 (g) S' 7 * (g) S" 7 . The element (a (g) 6) ^ 7 is then 



\m,n 



Here, the element (X) m -E"™ is considered as an element of Hi +m by the embedding 

<g> H m — > Hi +m . Thus, it remains to show that (in 7i° p (g) 7i„) 

(E ej™ (g. <g> e; 1 (g. Ej n ) n 7 ^ 0. (43) 

\m,n / 
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Since the sets {E{ m , 1 < m < d x }, for % — %\ and i = 12 can be obtained from each other 
by multiplying with E\ 112 on the left, ( f43[) does not depend on i,j and k,l. That means, 
if ( f43l) holds (or fails) for some k, I, it should holds (or fails) for all k, I. So that, 
if on the left-hand side of ( |43f) we set i = j, k = I and summing it up after these indices 
and show that this element is not zero, we will be done. Thus, we have to show that 

(j2 E'x' 1 ® E\ m ® Ef ® E k A n 7 ^ 0, 

\ mi / 

or n A n M n 7 7^ 0, for any 7 G C Ai(U , here, n A and IT^ are considered as elements of 7i°+ m <S> 
Tii+m- Let Fa be the minimal central primitive element in 7i/, corresponding to A. Then 
F\ is also a central primitive element in ?i° p . Hence from the definition of II A and (Jl]), we 
have 

n A = k- x \F x ® f x ) I E q~ l{w) R w ® Rw-i I • (44) 

\wee t J 

Analogous equalities hold for 11^ and Il 7 . Let V x be the set of left coset representatives 
of &i in &i +m , such that l(w)l(t) = l(wt) for w G &i,t G V x . Then we have, as elements 

E ® Rv-i = ( E <r /H ^> ® ^ 1 ( E <r' (t)i? * ® ^ 1 • 



According to (flip, we have 

IT A E q- l{w) R u} ®R w -i=d x k x - 1 (F x ®F x ) E q~ l[w) R w ®R w -^ 

Therefore, 

n A n 7 = n A I E <r Kw) ^ ® ^ I I E <r m R* ® ^ I (#r ® ^) 

= d x k x 1 (F x <g> F A ) ( E g -1 ^ ® I f E ?~ ,(t) ^ ® ^ I ( F 7 ® 
= d x k x 1 (F x ^F x )(F J ^F y ) E q- l{w) Rw®Rw-i- 

Thus, it is led to showing that F x F tl F 1 ^ 0. This is obvious by the assumption, that 
7 G C XifJi . The Lemma is therefore proved.! 



5. Invariant theory 

Let m, n, t be positive integers. The group GL(t) acts on the variety M(m, t) x M(t, n) 
in the following way: 

g(A, B) = {Ag~\ gB),ge GL(t), A G M(m, t),Be M(t, n). (45) 
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This action induces an action of GL(t) on the coordinate ring on M(m, t) x M(t, n), which 
is a polynomial ring in mt + tn variables. The classcial invariant theory studies the ideal 
of polynomials, which are invariant under this action. Let /i be the natural morphism of 
affine varieties M(m,t) x M(t,n) — > M(m,n), (A,B) i — > AB, inducing a morphism of 
algebras 

H* : 0(M(m, n) — ► 0(M(m, t) x M(t, n)) = <D(M(m, *)) ® 0{M{t, n)). 

Let 774 (resp. rippj^) be the standard generators of 0(M(m,n)), (resp. 0(M(m,t)),0(M(t,i 
such that ll* is given by 

k 

The first and the second fundamental theorems for general linear groups state that 

1. Any invariant polynomial on M(m,t) x M(t,n) can be obtained by composing a 
polynimial on M(m, n) with /a, or, equivalently, the ideal of invariant polynomials is 
precisely lm/i*. Thus, it is the quotient of 0(M(m,n)) by Ker/i*. 

2. The ideal Ker ll* in 0(M(m, n)) is generated by the minors of rank (t + 1) x (t + 1), 
i.e., it is the ideal J t+1 . 

In this section we formulate and prove a quantum analogue of the above theorems for 
arbitrary Hecke operators S, R and T, acting on U, V and W respectively. Thus M(m, t) 
(resp. M(t,n),M(m,n),GL(t)) will be replaced by M RS (resp. M TR , M TS , H R ). Here, 
is a Hopf algebra associated to R. The left action in fl45|) is replaced by a right coaction 
of H^j on Myfl ® M^g. The set of polynomials on M(m,t) x M(t,n), invariant with the 
action of GL(t) now corresponds to the set of coinvariants of the coaction S R st, i-e. the 
set of x G M TR ® M^s such that ^rst^) = x <8> 1. 

In the quantum case, the are (at least) two ways to define the action of the Hopf 
algebra on the algebra M R s, which coincide when the Hecke operators reduce to the 
ordinary flip operators. Therefore there are (at least) two versions of the fundamental 
theorems, depending on the way we define the coaction and on the way we define the 
algebra structure on <g> M R $. In FTT] we define an algebra structure on ® M R $ 



in a usual way and choose an appropriate coaction of H# on it. In this setting Mt R is an 
H R -comodule algebra, M RS is an H fi -comodule but not comodule algebra. Another setting 
is considered Subsection |5]^, in which we modify M RS so that it becomes H R -comodule 
algebra (in fact, R is replaced by R). The algebra structure on M TR ®M RS is also modified 
making the new algebra an H^-comodule algebra. 

5.1. Fundamental theorems for quatum groups of type A, the first version. In 

formulating the fundamental theorems for quantum groups of type A, we need to intoduce 
the multiplication map ll* and the coaction of the quantum group W R . 
We first define the morphism li*. The linear map 

0i = id <g> dby <g> id : W* ® U — ► W* <g> V ® V* ® U — ► J(W* ®V)® J(V* ® U) 

induces an algebra morphism 

6 : T(W* ®U) — ► T(W* ®V)® T(V* ® U). 
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Note that T(W* ® V) ® T(V* ® [/) is the tensor product of the algebrasT(W* ® V) and 
T(K* ®C/), that is, the elements from the latter algebras commute in T(W* <8> V) <8> T(V* <8> 
£/). In other words, we identify the two vector spaces 

(W*®V®V* ® Uf n S (W* ® ® (V* <g> (46) 

by means of the usual flip operator (that changes orders of tensor components). The 
restriction of 9 on the n th component is then the n th tensor power of 9%, taking in account 
the above identification. 

Fix bases of U, V, W and then define their dual bases on U*,V*, W*. These bases define 
bases for W*®U, W*®V, V*®U, which will be denoted by M = (mi), N = (n}), L = 
respectively. For convennience, we shall omit all tensor signs when describe an element 
of the algebra T(W* ®V)® T{V* g> U). Then we have 9{M) = NL. Since in the algebra 
T(W* <g> V) <g> T(V* <S> U), the entries of N and L commute, i.e. L\ • N 2 = N 2 ■ Li, where 
L\ = L <S> id, L 2 = id <S> L, we have 

9{M 1 M 2 ) = (iVL)i(iVL) 2 = NxN^LxLz. 

Notice that (MiV)i = M±N U (MN) 2 = M 2 N 2 . 

Combining 9 with the quotient map T(W* <g> V) <®1(V* ®U) — > M TR ® Mrs, we obtain 
an algebra morphism 

9 : J(W* ®U) — ► M TR ® Mrs. 

On Mtr ® we have 

T(A^L) 1 (A^L) 2 = TNiN 2 LiL 2 = N^RL^ = N^L^S = (NL^NL^S. 
Thus, 9{TM\M 2 — M\M 2 S) = 0. Hence, it factorizes to a morphism 

//* : M TS — ► M TR <g> M flS . 
Next, we define the coaction of the Hopf algebra Hr. The Hopf algebra Hr is by 



definition the Hopf envelope of the bialgebra Er |19|, that is, there exists uniquely a 
bialgebra morphism i : Er — ► Hr such that any bialgebra morphism / : Er — > H to 
a Hopf algebra H factorizes uniquely through as a composition of % and a Hopf algebra 
morphism j :Wr — > H, f = j ■ i. The Hopf envelope of any bialgebras exists, hence we 
can define Hr for any Hecke operators R. If R satisfies the Yang-Baxter equation (so for 
example, when R is a Hecke operator) it is known that is a coquasitriangular bialgebra 
[|l6l , IH]] . However, in general, the coquasitriangular structure on Er cannot be extended 
on H R . 

We shall assume that R is a Hecke symmetry which means that the operator : = 
(ev y <g> idvw*)('dv* <£> R ® idy*)(idv*®v ® dby) : V* ® V — > V ® V* is invertible, this 
condition provides the coquasitriangular structure on E R can be extended on \-\ R , the 
antipode on H R is bijective [[H], and the map z is injective Thm. 2.3.5]. 



By means of the injective bialgebra morphism i, we identify Er with a subbialgebra of 
Hr. Each (simple) E^-comodule becomes then (simple) H^-comodule. Further, since the 
antipode of Hr is an anti-homomorphism of (co)algebras, a left (resp. right) E#-comodule 
becomes a right (left) by composing the coaction with the antipode. In particular, 
since {y® n y is a left Eij-comodule, it is a right H^-comodule. The coaction is explicitly 
given as follows. Let {xi}f =l be a basis of V and {£ l }f =1 be the dual basis for V*. Then 
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{ e i := & ® x i\i,j=\ form a multiplicative matrix in Er and the left coaction of Er on V* 
is Ay*(£*) = Efc4 <g> £ fc . The right coaction of H R on (V® n )* is then 

<S(f 1 g> • • • <g> C ™) = ^ (8) • • • <g> g> S(e£ • • • e{ n n ), S denotes the antipode. (47) 

Since S is injective, we also have 

End H «((y®«)*) = E «End ((V® n )*). 

In particular, are endomorphisms of right H^-comodules, for all w G © n . Therefore, 
Mrs is a right H#-subcomodule of T(V* ® {/). Notice that T(V* <g> Z7) and hence Mrs, is 
not an H/j-comodule algebra. The reason is that the usual isomorphism V*® n <g) y*® m — > 
y*®m+n j g no ^. an H^-comodule morphism. 

We are now ready to formulate a quantum analogue of the first and the second funda- 
mental theorems for general linear groups. 

Theorem 5.1. Let S,T be Hecke operators R be a Hecke symmetry with the parameter q 
not a root of unity of order greater that 1. Let Srst be the coaction o/Hr on Mtr® Mrs, 
which is the tensor product of the coactions of Hr on Mtr and Mrs given above. Then: 

1. The set of coinvariants in Mtr <S> Mrs with respect to the coaction Srst is precisely 
Im /!*. 

2. The kernel of fi* in Mts is the ideal 7((((r+ l) s+1 ))) where (r,s) is the birank of S . 

Proof. From Section ^|, we know that Mts decomposes into a direct sum of E^° p Cg> E^- 
comodules and M T r®M rs decomposes into a direct sum of E^ p ®E^®E^ p (g>Es-comodules: 

Mrs = ®xW* x ®U x , 
M T r®Mrs = ®x^®Vx®V;®U^. ^ 

On the other hand, Vx <8> V* is a comodule over Hr and thus Mtr <S> Mrs can be 
considered as an E^° p <g> Hr ® Eg-comodule. Consider the trivial coaction of Hr on Mts, 
i.e., consider Mts as a direct sum of copies of K which is H/j-comodule by mean of the 
unit element 5 (Ik) = Ik <8> 1h r - 

Lemma 5.2. With the coaction ofY\R described above, fi* is a morphism o/E^° p (g>l-l#CS>Es- 

comodules, the restriction of pf on W x <S> U\ can be given by the map dby A ; 

f^*\w*®u x = id ® dby A <8> id : ® U x — > W x ®V X ® V A * ® C/ A . 

Assume that Lemma is true. Since the map dby A : K — > Vx <E> V x * is injective unless 
Vx = 0, the restriction of \i on W x ®XJx in injective unless V\ = 0. This implies that Ker /i* 
is the set W x ®U X , which is precisely the set W x <£>U\ = J((((r+ l) s+1 ))), 

A,V A =0 Ac((r+l) s +!) 

by Theorem [2.6| . The first claim of Theorem is proved. 
Since Vx is simple over Hr, 

Horn Hr (K, V x ® V A *) = Horn Hh (Va, Vx) = K. 

Therefore, the image of dby A is the subspace of H^-invariants in V x ® V x . Consequenlty, 
the set of invariants in W x ® V\ ® V A ® £7a is the image of W A (g> U\. On the other hand, 
if A 7^ then 

Horn Hfl (K, V A ® K*) = Horn Hr {V x , V^) = 0. 
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Hence, for A^/i, the comodule W x ® V\ ® V* ® £/ M does not contains non-zero invariants. 
Taking the direct sum for all A we prove the second claim of Theorem. 

Proof of Lemma |5.lj . Recall that the map 9 is given in terms of the inclusion W* ® U — ► 
T(W* ® V) ® T(V"* ® Z7), which in its order is given by the map dby. The restriction of 
9 on (W* ® £/)® n is 

fl n : H/*® n ® f/® n = (W* (8) f/)® n -U (W* <g> V g> V* (8) £/)® n S W*® n ® K® n ® K*® n <g> £/® n . 
Hence 

# n = id y *»n <g> db v ®n ® id^n : W*® n ® U® n — > W*® n ® V® n ® V*® n ® t/® n . 

Thus, is easy to see that 9 is a morphism of E^° p ® E^-comodules. On the other hand, 
with respect to the coaction of H R on (y® n )* given in (fi?D, dby«n is an H fi -comodules 



morphism. Therefore # n is a morphism of E™ p ® H# ® Eg-comodules. 
The restriction of 6* n on H 7 ^ <S> is then the map 

W{ ®U^^ W* x ® V® n ® V*® n ®U^®W X *®V 7 ® V* ® U„. 



The map fi* is obtained by passing to quotients. According to Theorem |2.4| , we can identify 
M T s with a subspace of T(W* ® U) such that the quotient map T(W* ® U) — > M TS is 
given by the sum \1/ of the projectors Thus fi* can be considered as the composition 
(^tr ® ^rs)9^ts- Therefore, the restriction of /x* on WjC ® U\ is the map 

id ® dby A ® id : W{ ®U X — > W{ ®V\® V x * ® U x . 

Since the map dby A is a morphism of H/j-comodules, the above map is a morphism of 



E™ p ® Hr ® E^-comodules. Lemma |5.2| is therefore proved.l 



5.2. Fundamental theorems for quantum groups of type A, the second version. 

Since R is a Hecke symmetry, H# is a coquasitriangular Hopf algebra, i.e., the category of 
H#-comodules is braided (see, e.g., [0, Chapter XI]). We can modify the struture above so 
that the morphism fi* is an H ^-comodule algebra morphism. To do it, we identify the two 
vector spaces in ([46]) by means of an HR-comodule isomorphism Ty*y '■ V*®V — > V®V 



£ l ®Xj i — > Xk£}R~ ll ji- More precisely, in defining an isomorphism from (W* ®V ®V* ®U)® n 
to (W* ® V) m ® (V* ® U)® n , whenever we have to interchange V* and V we shall use 
the comodule isomorphism uy*y above. We therefore modify the algebra structure on 
T(W* ® V) ® ~T{V* ® U) replacing the commuting relation of iV and P by the following 
relation 

LiiV 2 = N 2 R~ 1 PLi, (49) 

where P is the matrix of the usual flip operator x ® y — > y ® x, with respect to the 
basis Xi,x 2 , ... , x^, P^j = 515{. Let u n denote the isomorphism from (V ® V*)® n — ► 
y®n y*®n obtained by using uiy*y, so, for example, iO\ = id, u 2 = id ® u>y*y ® id. 

Since the algebra structure on T(W* ® V) ® J(V* ® U) is modified, the map 9 should 
also be modified. The restriction of 9 on (W* ® U)® n is now 



) 



9 n : (W* ® U)® n (W* ®V ®V* ® U)® n W*® n ® V® n ® V*® n ® U 
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If we identify (W* ® U)® n with W*® n <g> U® n , then we can consider 9 n as a morphism 

9 n = id y ,®n ® cj n db y ® n ® id^n : W/*® n ® — ► <g> F®" ® V*® n ® f/® n . 

Thus, if we define the coaction of on V™®" in such a way that this comodule is 
isomorphic to (y*)® n as H^-comodules then a^dby®" is a comodule morphism and hence 
so is 9 n . Explicitly, the coaction is given by 

5(e ® e ® • • • ® r) = e ® £ fc2 ® ■ ■ • ® ^ ® s(<&)s(e&) ■ • ■ 

k\,k2,— ,k n 

Note that with respect to these coactions, the operators R w , w e & n , where R = PRP, 
are comodules endomorphisms of V*® n . Hence the quotient M RS of T(V* (g> U) is a 
comodule over H^. Further, since the usual identification (y*)® m ® (y*)® n — >■ (y*)® m+n 
is a morphism of H^-comodules, M RS is an H/j-comodule algebra. 

On the other hand, we can check that 9 factorizes to an algebra morphism 



fi* : M 5T — ► M SR ® m M 



RT 



where in M SR ® m M RT , N and L commute by the rule in (|49|) . Indeed, on M SR ® m M^ T 
we have 

T(A^L)i(A^L) 2 = TN 1 N 2 R~ 1 PL 1 L 2 = N 1 N 2 RR~ l PL 1 L 2 = N 1 N 2 R~ 1 PRL 1 L 2 
= NiN 2 R~ 1 PL 1 L 2 S = (NL) 1 (NL) 2 S. 

Thus, we obtain a coaction of H R on M$r ® m M RT , for which the morphism n* m is an 
E™ p ® Y\ R (g) Es-comodule morphism. 

Although we have modified the algebra structure on M S r ® m M RT , this does not, affect 
the decomposition (fjSp. That is, we still have an isomorphism of E^ p ®H/j®Es-comodules 

M TR ® m H/; (g) V A <g> V; (8) tv 



Therefore an anlogue of Lemma 5.2 can be easily obtained, whence one gets an analogue 



of Theorem 5.1 



Theorem 5.3. Let S,T be Heche operators R be a Hecke symmetry. Then [f m is an 
Y\ R -comodule algebra morphism: 

1. The set of coinvariants in Mj< R (g> m M R $ with respect to the coaction S R ts is precisely 
lm/4,. 

2. The kernel of n* m in Mts is the ideal J((((r+ l) s+1 ))) where (r, s) is the birank ofT. 

Proof. It remains to check that Msr <S> m M RT is an H/j-comodule algebra. In fact, what 
we have done above is to define an algebra struture on the tensor product of two H R - 
comodule algebras M TR and M^ 5 (see, e.g., Namely, the isomorphism u>v*,v gives 

rise to an H^-comodule isomorphism M RS (g) Mj-r — > Mt R ® M RS . It follows from the 
standard argument that M TR ® m M RS is an H^-comodule algebra.l 
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6. Example: Standard quantum general linear groups 

The notion of quantum determinantal ideals presented here does not seem to have 
relationship with any quantum determinants. In fact, for an arbitrary Hecke operator, 
we aren't able to define any quantum determinant. However, in the case of standard R- 



matrix (see Subsection |L2| ), the quantum minors are definable, and our notion of quantum 
determinantal ideals can be given in terms of these quantum minors. The quantum 
determinantal ideals associated to standard quantum matrix of type A were studied by 
Goodearl, Lenagan and Rigal in H ||, where the primeness was particularly proved. Here 
we show that in the case of standard i?-matrix, our notion of quantum determinant ideal 
coincides with the notion give by Goodearl and Lenagan. 

Recall that the standard i?-matrix of type A n _i has, with respect to a certain basis 
Xi,x 2 , ■ ■ ■ ,x n , the following form: 

R nfi = ^ 7 C *g + T7^r 4'i 1 < h J, Kl<n, e %3 := sign (j - i) 



The Hecke equation for R n is (R n — q 2 )(R n + 1) = 0. The quantum exterior algebra Ar u 
is the factor algebra of the non-commutative algebra M.(xi,x 2 , • • • ,x n ) by the relations 
for i < j, it can be realized as subalgebra of K(xi, x 2 , ■ ■ ■ , x n ) spanned by 
g-symmetrized tensors 



x ix A x i2 A • • • A x ik := ^ (~ 0) x h<r ® x na ®---®x 

ae& k 



for any sequence (ii < i 2 < . . . < ik) of elements from {1,2,... , n}, for k = 1, 2, . . . , n. 
In particular, l\n nk is spanned by x ix A Xi 2 A • • • A x ik . 

Analogously, assume that A# mfc has a basis consisting of g-antisymmetrized tensors 
Vji A Uj 2 A • • • A yj k , for any sequence (ji < j 2 < . . . < jk) of elements from {1,2,... , m}, 
for A; = 1,2,... , m. Then the space (A_R mfc )* = Im Tk{E(ik^) is canonically spanned by the 



set 



C 1 a C 2 a • ■ ■ a C k ■.= (-qy l{<7 'C ia ® € 2(7 ® • • - ® € k \ 

ae& k 

where £ 1 , £ 2 , . . . , xi m is the dual basis to yi, y 2 , . . . , y m . 

Denote e\ := £ J ' ® X{. Then the algebra Mn m R n can be considered as a subspace of 
K(e\, . . . , e™) spanned by the elements 



The element Z)o-ee fc ( — qY^^Iu ® e i2o- ® ' ' ' ® e i*c ^ s precisely the quantum determinant 
of the submatrix of Z = (e\) formed on rows ix, i 2 , ... , ik and columns ji,j 2 , . . . , jk- 

The fundamental theorems for standard quantum groups were proved by Goodearl, 
Lenagan and Rigal in m Theorem 2.5] and || Theorem 4.5]. We would like to mention 
that the setting of these theorems is slightly different from our setting here, namely, in 
defining the coaction of the quantum group and the algebra structure. In the language 
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of our paper, the algebra structure of M TR eg) M RS considered in [loc.cit] is the ordinary 



algebra structure, i.e., as in the setting of Subsection p7T| . The coaction of H R on Mas- 
considered in [loc.cit] corresponds however to the coaction given in Subsection 5^. One 
can do that because for standard deformation we have R n := PR n P = R n . 

7. Example: The standard quantum general linear supergroups 

There are two main differences between the coalgebras 0(GL(n)) and 0(GL(m\n)). 
Firstly, as a coalgebra, 0(GL(n)) is cosemisimple while 0(GL(m\n)) is not. Secondly, 
the determinant is a polynomial function while the super determinant is not. Looking 
at the more general construction of quantum groups of type A, we see that the quantum 
determinant is determined in terms of the quantum exterior algebra, which should be 
finite dimensional. Thus, if a Hecke opertor R produces a finite dimensional quantum 
exterior algebra, we call the corresponding bialgebra E R a quantum semi-group of type 
A n , where n is the of the Poincare series of the quantum exterior algebra. In this case, 
R is called even Hecke operator. It may happen that the quantum symmetric algebra 
has finite dimension, in this case R is called odd Hecke operator J7|, A typical of 
non-even and non-odd Hecke operator is the flip operators in super geometry. Hence it 
is natural to suggest non-even non-odd Hecke operators define analogies of the general 
linear supergroups. It this then also natural to consider them as operators in the category 
of vector superspaces. It turns out, however, that the basis category does not play a 
great role. That is, it doesn't matter whether or not we consider R as an operator in the 
category of vector superspaces and define E# as a superbialgebra, many properties of E R 
remain unchanged. In other words, many properties of E R depend only on the intrinsic 
properties of R. 

For example, let be the standard matrix considered in the previous section. If we 
assume that some of the basis vectors Xi,x 2 , ■ ■ ■ ,Xd have odd parity and the other have 
even parity, thus, V is a vector superspace, then R is an operator in the category of 
vector superspaces. In this category, the associated bialgebra E^ is defined differently but 
it remains cosemisimple. On the other hand, if we take a flip operator on a strict vector 
superspace and consider it as an operator in the category of (non-super) vector spaces, 
the associated bialgebra E R remains non-cosemisimple. 

All results in this paper hold in the category of vector superspaces. In fact, all what we 
have to do in the category of vector superspaces is to replace the ordinary flip operator 
by it super counterpart, i.e. to insert signs at some places. 

Let now R r \ s denote the super analogue of the standard i?-matrices of type A. Explicitly, 
with respect to some homogeneous basis X\, x 2 , ■ ■ ■ ,Xd, d = r + s, where := if i < r 
and 1 if i > r + 1, the operator R r \ s has the following form: 



E H4 = \ + g2£ij + n ^ l<h3Xl<n = r + s, Eid := sign (j - ,) 



where i denotes the parity of X{. Then i? r | s is a Hecke symmetry of birank (r, s). The 
associated super bialgebra E R and Hopf algebra are called the function aglebras on 
the standard quantum super semi-group M q {r\s) and the standard quantum supergroup 
GL q (r\s), respectively, see, e.g. [p0|, |TT1 . 



QUANTUM HOM-SPACES, INVARIANT THEORY AND DETERMINANTAL IDEALS 



27 



Theorem |5J] applied to this case gives us the fundamental theorems for standard quan- 
tum supergroups. 

Theorem 7.1. Let M q (m\n,r\s) denote the super bialgebra ..r. and let GL q (m\n) 
denote the Hopf superaglebra H# m|n . Let fx* be the algebra morphism M q (m\n,u\v) — > 
M q (m\n,r\s) <S> M q (r\s, u\v) induced from the map 

r+s 

4 — ► E 4 ® 4 
fc=i 

where {e*}^™-^ zs t/ie standard generators of M q (m\n,u\v), similary, n\ and pj are 
generators for M q (m\n, r\s) and M q (r\s,u\v). Assume that q is not a root ou unity of 
order greater than 1. Then, 

1. the set of coinvariants of M q (m\n,r\s) (g) M q (r\s, u\v) with respect ot the coaction of 
GL q {r\s) is precisely lm/i*, 

2. the kernel of /i* in M q (m\n, u\v) is the ideal /((((s + l) r+1 ))) = J2a u+1 >v+i 

Setting q = 1 in the above theorem, we obtain the fundamental theorems for general 
linear super groups. These theorems can be formulated in the classical way. Let fi denote 
the multiplication of supermatrices 

/i : M(m\n,r\s) x M(r\s,u\v) — ► M(m\n,r\s). 

Then fi induces a morphism /i* 

0(M(m\n,r\s)) — > 0(M(m\n,r\s) x M(r\s,u\v)) = 0(M(m\n, r\s)) ® 0{M(r\s,u\v)). 

Consider the natural action of GL(r \s) on M(m\n, r\s) xM(r\s, u\v): (A,B) i — >■ (Ag^ 1 , gB), 
which induces a natural coaction of GL(r\s) on the function algebra on M(m\n,r\s) x 
M(r\s, u\v). 

Theorem 7.2. We have: 

1. A polynomial in 0(M(m\n,r\s) x M(r\s, u\v)), invariant with the action of GL{r\s), 
can be obtained by composing a polynomial in 0(M(m\n,u\v)) with /i. 

2. The kernel of >* is the ideal I((((s + l) r+1 ))). 

Remark. Except for the case n — s — v — 0, the ideal I((({s + l) r+1 ))) is not a 
determinantal ideal. It is an interesting problem to describe this ideal more explicitly. 

Acknowledgment 

The author should like to thank Professor C. Procesi for explaining him invariant theory. 
He also should like to thank Professor K. Goodearl for useful discussions. 

The first part of the work was done at the Max-Planck Intitut fur Mathematik, Bonn 
and appeared as Preprint MPI-99/12. The work was completed during the author's stay 
at the Mathematical Sciences Research Institute, Berkeley. The author would like to 
thank these Institutes for the excellent working condition and financial support. 



28 



PHUNG HO HAl 



References 

[1] DeConcini C. and Procesi C. A characteristic free approach to invariant theory. Advances in Math- 
ematics, 21:330-354, 1976. 
[2] C. DeConchini, D. Eisenbud, and C. Procesi. Young diagrams and determinantal varieties. Inven- 

tiones Mathematicae, 56:129-165, 1980. 
[3] P. Deligne and J. Milne. Tannakian Categories. In Lecture Notes in Mathematics, volume 900, pages 

101-228. Springer- Verlag, Berlin-Heidelberg-New York, 1982. 
[4] R. Dipper and G. James. Representations of Hecke Algebras of General Linear Groups. Proc. London 

Math. Soc, 52(3):20-52, 1986. 
[5] K.R. Goodearl and T.H. Lcnagan. Quantum Determinantal Ideals. Preprint, available at 

www.math.ucsb. edu/~ goodearl/, 1998. 
[6] K.R. Goodearl, T.H. Lenagan, and L. Rigal. The First Fundamental Theorem of Coinvariant Theory 

for The Quantum General Linear Group. Preprint, available at xxx.lanl.gov, 1999. 
[7] D.I. Gurevich. Algebraic Aspects of the Quantum Yang-Baxter Equation. Leningrad Math. Journal, 

2(4):801-828, 1991. 

[8] Phung Ho Hai. Koszul Property and Poincare Series of Matrix Bialgebra of Type A n . Journal of 

Algebra, 192(2):734-748, 1997. 
[9] Phung Ho Hai. On Matrix Quantum Groups of Type A n . Int. Journal of Math., to appear, available 

at xxx . lanl . gov, 1997. 

[10] Phung Ho Hai. Characters of representations of Quantum Groups of Type A n . Preprint ICTP, 

available at xxx . lanl . gov, 1998. 
[11] Phung Ho Hai. On Structure of The Quantum Super Groups GL q (m\n). Journal of Algebra, pages 

363-383, 1999. 

[12] Phung Ho Hai. Poincare Series of Quantum Spaces Associated to Hecke Operators. Acta Math. 

Vietnam, 24(2):236-246, 1999. 
[13] T. Hayashi. Quantum Groups and Quantum Semigroups. J. Algebra, 204(1), 1998. 
[14] Ch. Kassel. Quantum Groups, volume 155 of Graduate Texts in Mathematics. Springer- Verlag, 1995. 

531p. 

[15] Knutson. X-Rings and the Representation Theory of the Symmetric Groups, volume 308 of Lecture 
Notes in Mathematics. Springer Verlag, 1973. 

[16] R. Larson and J. Towber. Two Dual Classes of Bialgebras Related To The Concepts of "Quantum 
Groups" and "Quantum Lie Algebra". Comm. in Algebra, 19(12):3295-3345, 1991. 

[17] I.G. Macdonald. Symmetric functions and the Hall polynomials. Oxford University Press, 1979 (Sec- 
ond edition 1995). New York. 

[18] S. Majid. Braid Groups. Journal of Pure and Appl. Algebra, 86:187-221, 1993. 

[19] Yu.I. Manin. Quantum Groups and N on- commutative Geometry. GRM, Univ. de Montreal, 1988. 

[20] Yu.I. Manin. Multiparametric Quantum Deformation of the General Linear Supergroups. Comm. 
Math. Phys., 123:163-175, 1989. 

[21] P. Schauenburg. On Coquasitriangular Hopf Algebras and the Quantum Yang-Baxter Equation. 
Algebra Berichte 67, Verlag Reinhard Fischer, Munich, 1992. 

[22] A. Sudbery. Matrix-clement bialgebras determined by quadratic coordinate algebras. J. Algebra, 
158(2) :375-399, 1993. 

[23] M. Sweedler. Hopf Algebras. Benjamin, New York, 1969. 

Hanoi Institute of Mathematics, P.O.Box 631, 10000 Boho, Hanoi 
Current address: Mathematical Sciences Research Institute, Berkeley, CA 94720. 
E-mail address: phung@ioit.ncst.ac.vn and phung@msri.org 



